It has been observed that quantum walks on regular lattices can give rise to wave equations for relativistic particles in the continuum limit. In this paper we define the 3D walk as a product of three coined one-dimensional walks. The factor corresponding to each one-dimensional walk involves two projection operators that act on an internal coin space; each projector is associated with either the "forward" or "backward" direction in that physical dimension. We show that the simple requirement that there is no preferred axis or direction along an axis-that is, that the walk be symmetric under parity transformations and rotations that swap the axes of the cubic lattice-leads to the requirement that the continuum limit of the walk is fully Lorentz invariant. We show further that, in the case of a massive particle, this simple symmetry requirement necessitates that inclusion of antimatter-the use of a four-dimensional internal space-and that the "coin flip" operation is generated by the parity transformation on the internal coin space, while the differences of the projection operators associated to each dimension must all anticommute. Finally, we discuss the leading correction to the continuum limit, and the possibility of distinguishing through experiment between the discrete random walk and the continuum-based Dirac equation as a description of fermion dynamics.
It has been observed that quantum walks on regular lattices can give rise to wave equations for relativistic particles in the continuum limit. In this paper we define the 3D walk as a product of three coined one-dimensional walks. The factor corresponding to each one-dimensional walk involves two projection operators that act on an internal coin space; each projector is associated with either the "forward" or "backward" direction in that physical dimension. We show that the simple requirement that there is no preferred axis or direction along an axis-that is, that the walk be symmetric under parity transformations and rotations that swap the axes of the cubic lattice-leads to the requirement that the continuum limit of the walk is fully Lorentz invariant. We show further that, in the case of a massive particle, this simple symmetry requirement necessitates that inclusion of antimatter-the use of a four-dimensional internal space-and that the "coin flip" operation is generated by the parity transformation on the internal coin space, while the differences of the projection operators associated to each dimension must all anticommute. Finally, we discuss the leading correction to the continuum limit, and the possibility of distinguishing through experiment between the discrete random walk and the continuum-based Dirac equation as a description of fermion dynamics.
I. INTRODUCTION
Quantum walks [1] [2] [3] [4] provide a discrete model of particle dynamics. In such a walk, a particle may be located at any of the vertices of a graph or lattice, and its state evolves in a sequence of discrete time steps. In each step, the particle may move to one of the neighboring vertices (connected by an edge). That time evolution is given by a unitary transformation. The particle may also have an internal space, or "coin" space, that participates in the unitary evolution. In some cases (such as the quantum walk on the line), this internal space is necessary for nontrivial evolution.
Quantum walks on general graphs have played a significant role in the development of new quantum algorithms [5] [6] [7] [8] [9] [10] [11] . In addition they have been studied on their own account, as relatively simple quantum systems exhibiting a wide range of interesting quantum phenomena: wave propagation, localization due to symmetry breaking, and transitions between quantum and classical behavior, to give just a few examples [12] [13] [14] [15] [16] [17] [18] .
Quantum walks on lattices have also served as models for particles propagating in space, thus providing a link between information theory and relativistic equations for fermion dynamics. For example, it has been shown a number of times, from several points of view, that a suitable quantum walk can approach, in the continuum limit, a relativistic wave equation such as the Weyl or Dirac equations [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . From this observation, a fascinating literature has arisen that examines how the properties of a quantum walk translate, in that limit, to the properties of fermions [29] [30] [31] [32] [33] [34] [35] , or vice versa [25, 28] . In particular, it has been shown that in the continuum limit the ratio of the lattice spacing to the time step corresponds to the speed of light; the coin space becomes a two-dimensional internal spin space; and the coin flip operator is the origin of the fermionic mass term. In what follows we will show, in addition, that the requirement that the dynamics be symmetric under any swapping or inversion of the axes leads to existence of antimatter and a continuum limit that is fully Lorentz invariant, and that the generator of the coin flip operator corresponds to the parity operator.
In many prior derivations, once the form of the quantum walk evolution has been defined, the imposition of unitarity leads to a set of difficult constraint equations. In this paper we use a different construction, taking a form of quantum walk on a lattice that is a product of one-dimensional unitary walks, each involving two projection operators, associated to the "forward" and "backward" directions corresponding to that dimension. This form, which was studied in [26, 36] , guarantees that the walk is unitary and has nontrivial dynamics in two or three spatial dimensions.
Derivations of the Dirac equation in three dimensions have generally started with a two-dimensional internal coin space, which leads to the Weyl equation in the continuum limit. The four-dimensional internal space of the Dirac equation can then be obtained by coupling or "pasting together" two copies of the walk. In this paper, we instead invoke discrete symmetries, which require that the internal coin space be (at least) four-dimensional, and leads naturally to the definition of the Dirac gamma matrices.
Symmetry under the swapping or inversion of axes in this walk amounts to two discrete symmetries: invariance under parity transformations, and a "noncorrelation" condition (which can be seen as a discrete rotational invariance). We show that, together, these two conditions imply that the differences of the projection operators in each dimension must anticommute. These anticommuting operators are what play the role of the Dirac equation gamma matrices in the continuum limit. This is why the continuum limit is symmetric under rotations and boosts (even though the underlying quantum walk is not), with the dynamics governed by the Dirac equation with nonzero mass and a four-dimensional internal space.
The rotational symmetry in the continuum (long wavelength) limit means that, in that limit, the underlying lattice is masked from our perception. Because our experimental abilities are limited, if the lattice and time spacing are small enough, the discrete walk and continuous Dirac equation are indistinguishable. Experiment thus cannot rule out the possibility that space-time is discrete-it can only place upper limits on its granularity. On the other hand, because the quantum walk on the lattice does have preferred directions-the lattice axesthese could manifest as small corrections to the Dirac equation at high energies. We derive these corrections, and estimate their magnitude. In principle, a highly sensitive Michelson-Morley type of interferometric experiment could detect them, though the precision required for a lattice spacing at the Planck scale is beyond what can currently be detected.
The structure of the paper is as follows. In Sec. II we briefly review the mathematics of coined quantum walks. In Sec. III we introduce our approach in the context of a single space dimension, and introduce the internal space projection operators that are associated with the forward and backward walk directions. In Sec. IV we generalize the walk to three space dimensions. In Sec. V we show that the parity operator and the differences of the projection operators associated with each space dimension must all anticommute. Then we introduce an equal-norm condition as a noncorrelation condition on the 3D walk, and take the continuum limit. In Sec. VI we calculate the leading correction to the continuum limit and discuss the possibility of distinguishing through experiment whether a discrete random walk or the continuum Dirac equation is the correct description of fermion dynamics.
II. REVIEW OF QUANTUM WALKS
We now briefly review the most common formulation of discrete-time quantum walks. (Since this paper only concerns discrete-time walks, we will henceforward refer to them simply as quantum walks or walks.)
The state space of a quantum walk comprises two parts: a position space, and an internal space, often referred to as the "coin" space. The allowed positions are identified with the vertices of a graph G; the edges of the graph connect neighboring vertices. Two vertices are neighbors if it is possible for the particle (or "walker") to move from one to the other in one timestep. In the current work, we will consider only undirected graphs; so if it is possible to move from vertex v 1 to vertex v 2 , it is also possible to move the other way.
The evolution of a quantum walk is given by a time evolution unitary, which generally takes the following form:
where the {S j } are shift operators that move the particle from its current position to its neighbor in the direction j; the {P j } are orthogonal projectors on the internal space; and C is a unitary that acts on the internal space, often called the "coin flip" unitary. The idea is by analogy to a series of coin flips. The projectors {P j } correspond to different faces of the coin, which indicate which direction to move; the unitary C scrambles the faces, so that one does not constantly move in the same direction. But in the unitary case, unlike classical random walks, the evolution is always invertible: interference effects play a profound role in the evolution.
In the course of this work, we will generalize this basic quantum walk in various ways, but the state space and evolution unitary will essentially retain this structure.
One of the simplest examples is the quantum walk on the line. The position space has a basis {|x } corresponding to the integers x ∈ Z, and the coin space is twodimensional, with basis vectors labeled {|R , |L }. The evolution operator becomes
where the shift operator is S|x = |x + 1 and C is a 2 × 2 unitary matrix. Various coin-flip matrices have been studied for this walk; the canonical example is the Hadamard coin flip,
In this paper, we will generally consider families of coinflip unitaries, parametrized as rotations in Hilbert space:
where Q is a Hermitian operator that acts on the internal space. Henceforth, we will suppress the tensor product symbol ⊗ for compactness unless it is absolutely necessary to be clear. One can think of this by replacing operators that act only on one of the component of the Hilbert space with an operator that acts as the identity on the other component; e.g., S → S ⊗ I, C(θ) → I ⊗ C(θ), and so forth.
III. THE DIRAC EQUATION IN 1D
A. The Continuum Limit of a Quantum Walk
We will illustrate some aspects of our method employing the simple case of the 1D quantum walk whose evo-lution operator is given in Eq. (2) . What would constitute a well-defined continuum limit? In this limit, the discrete structure of both time and space must be wellapproximated by continuous functions. Let us introduce a distance scale ∆x between positions on the line, and a time scale ∆t for a single step of the quantum walk. We assume that the amplitudes, ψ(j∆x), of the wavefunction |ψ = ∞ j=−∞ ψ(j∆x)|j∆x varies slowly as a function of the position x = j∆x, and that the time evolution of the state in a single step of the walk is also small. Then we can describe the actions of the shift operator and the time evolution operator by
where the allowed positions and times are integer multiples of ∆x and ∆t, respectively. We can now define difference operators:
In the continuum limit, these difference operators will become derivatives. We now rewrite the quantum walk evolution Eq. (1) for the 1D case in terms of these difference operators:
In the above equation, P R = |R R| and P L = |L L|, and P R + P L = I. For a two-dimensional internal space, we can without loss of generality take the Hermitian operator Q to have eigenvalues ±1, so Q 2 = I; we can make this assumption because the trace of Q has no effect except to add a global phase, and the operator norm of Q can be normalized to 1 by absorbing a constant into the parameter θ. (Later we will argue that this is a natural choice even with a higher-dimensional internal space.) Now let us rearrange Eq. (6) as follows:
where we've suppressed the time argument t of the wavefunction, and defined a new operator ∆P = P R − P L . This operator also has eigenvalues ±1, such that (∆P ) 2 = I. For the continuum limit, we need to satisfy a number of conditions. First, the parameter θ must be small, |θ| ≪ 1. Otherwise the wavefunction will necessarily change appreciably in a single timestep. This means that we can expand
Next, the wavefunction |ψ must change slowly with x, so that one can legitimately expand around x in powers of ∆x, i.e., (S + S † )|ψ = 2|ψ + O(∆x 2 ). This means that
Employing this, and keeping terms in Eq. (7) only up to first order in ∆t, ∆x, and θ, and dividing through by ∆t, we get
where we have introduced the parameters c ≡ ∆x/∆t and mc 2 ≡ θ/∆t. Henceforth we will assume a choice of units such that c = 1.
B. Operators on the Internal Space
For a quantum walk with a well-defined continuum limit, we have introduced the two operators ∆P = P R − P L and Q. These are both Hermitian operators with eigenvalues ±1. What is their relationship to each other? We can get an interesting answer by requiring the walk to satisfy parity symmetry. Let P = P † , P 2 = I be the parity transformation. Its action on the physical space is:
(where for simplicity we have suppressed the tensor products with the internal space). Suppose that we require our quantum walk given in Eq. (2) to be invariant, PU P = U , under parity transformations:
This implies that P acts as follows on the internal space operators:
Thus P anticommutes with ∆P , and commutes with Q. A natural choice for Q is the parity operator P itself-or, more precisely, the operator that represents the action of P on the internal space. But we can make an even stronger statement if we put limits on the dimension of the internal space. The minimum internal space dimension that allows for two anticommuting operators ∆P and P is d = 2. In that case, the only nontrivial operators with the properties of P and Q also satisfy Q = ±P. So for d = 2, the coin operator Q must be the same as the parity operator. (We will later see that the same kind of argument applies in three spatial dimensions.)
An immediate result of this is that the walk is unbiased; that is, that QP R Q = P L and QP L Q = P R . This is equivalent to anticommutation between Q and ∆P :
and implies that Q acts like a "fair coin flip" on the internal space. If we multiply both sides of Eq. (8) by iQ and do some rearrangement, we get the equation
where g 0 ≡ Q and g 1 ≡ Q∆P . This is a form of the 1D Dirac equation with a two-dimensional internal space. The operators g 0 and g 1 anticommute with each other:
The eigenvalues of g 0 are ±1, and the eigenvalues of g 1 are ±i.
The usual Dirac equation in 3D has a four-dimensional internal space; this is the smallest size possible that satisfies the necessary symmetries in three spatial dimensions and one dimension of time. It is possible, but not necessary, to also use a four-dimensional internal space in one spatial dimension. In that case, however, Q need not be the same as the parity operator.
C. The Momentum Representation
There is an alternative approach to deriving a relativistic wavefunction in the long-wavelength limit that does not require introducing the spatial difference operator. This is to work in the momentum representation of the wavefunction, in which the physical space factor in the evolution operator is diagonal (though not the factor that operates on the internal space).
We can define a set of momentum eigenstates as follows. Consider the eigenvectors of the shift operators S|x = |x + ∆x and S † |x = |x − ∆x . These take the form
which have eigenvalues
Obviously, the eigenstates {|k } are not normalizable; but it is possible to rewrite the wavefunction in terms of these eigenstates using the inverse transform
where x = j∆x for some integer −∞ < j < ∞.
Rewriting the evolution operator (2) in terms of the momentum basis, it takes a very compact form:
In the momentum representation it is straightforward to go to the continuum limit. It corresponds simply to the long-wavelength limit, |k| ≪ 1. Assuming θ ≪ 1, as before, we can expand the two exponentials and retain only terms linear in k and θ:
Transforming back to the position representation and rearranging terms, we recover the two-component Dirac equation in 1D given by Eq. (13). We will find the momentum representation very helpful when we go to three spatial dimensions, where the symmetries of the equation are much more complicated.
IV. RELATIVISTIC EQUATIONS IN 3D AND THE BIALYNICKI-BIRULA SOLUTION
The standard form of a quantum walk given in Eq. (1) can readily be extended to any lattice, or indeed to any regular graph. This kind of standard quantum walk on, for example, the three-dimensional body-centered cubic (BCC) lattice, would allow the "walker" to move from its current vertex to any of 8 neighboring vertices. This would require an internal space of at least 8 dimensions, to allow for 8 orthogonal projectors P j corresponding to each of the 8 allowed shifts S j . It is worthwhile, however, to step back and ask: what is the smallest internal space that allows for a quantum walk with nontrivial evolution?
In [19, 30, 34] this question is framed in the following way. The form of the quantum walk (1) is generalized: (19) where the operators {A j } act on the internal space, but are no longer required to be orthogonal projectors. The overall unitarity of the walk is no longer guaranteed: unitarity now requires that the operators {A j } satisfy the condition
which, since the shifts {S j } are unitary, is equivalent to requiring
These conditions in Eq. (21) were formulated in 1994 in the pioneering work of Bialynicki-Birula [19] , before quantum walks were a field of study. Bialynicki-Birula was exploring whether it was possible to find discrete versions of the Weyl and Dirac equation. Using the BCC lattice, he found a solution to (21) with a two-dimensional internal space, which produced the Weyl equation (the Dirac equation with m = 0). To find a discrete version of the Dirac equation, he "pasted together" two copies of his Weyl evolution with an extra rotation on the internal space. (A similar method is used in [34] to derive the Dirac equation in three dimensions as the continuum limit of a quantum walk on the BCC lattice.) Employing a different method to define the quantum walk, we will show that the condition that the different walk axes and directions be uncorrelated leads to the requirement that the internal space be the 4-dimensional space of the Dirac gamma matrices.
The BCC lattice consists of a set of vertices (x, y, z) = (i∆x, j∆x, k∆x), where i, j, k are integers and ∆x is a fixed lattice spacing. Two vertices are neighbors if one is (x, y, z) and the other is (x ± ∆x, y ± ∆x, z ± ∆x). A discrete-time walk on this lattice therefore involves moving one unit ∆x in each of the three cardinal directions at each timestep. It is this property of the BCC lattice that suggests a different way of defining a quantum walk: by doing three successive steps, one in each direction.
Employing that approach, we write one step of the 3D walk as:
In this equation, S X,Y,Z are shift operators that move the walker one step in the positive X, Y, Z direction; P + X,Y,Z are projectors that act on the internal space; and P − X,Y,Z = I − P + X,Y,Z are the projectors onto their orthogonal complements. The operators Q X,Y,Z are three "coin flip" operators that act on the internal space. Because we can commute the e iQ 's through the projectors (while redefining the projectors themselves), we can without loss of generality move all three coin flip operators to the right side of the expression and absorb them together into a single coin flip:
where these P + and P − operators are not necessarily the same as in the previous expression. We will use this form of the 3D quantum walk on the BCC lattice for the rest of the paper. The ordering of X, Y and Z in this expression is obviously an arbitrary choice; any other order would work as well to define a 3D quantum walk.
In [26, 36] , Chandrashekar showed that a quantum walk of the form of Eq. (23), in addition to being automatically unitary, can give nontrivial dynamics even if the coin flip operator is absent (corresponding to θ = 0 in our description here), so long as the projectors on the internal space corresponding to steps in different directions are noncommuting. As we have noted above (and will see again in the 3D case), the coin flip operator plays the role of the mass term in the continuum limit. Omitting the coin flip leads to the Weyl equation.
V. CONDITIONS ON QUANTUM WALKS
We now want to impose conditions on walks of the form (23) analogous to those that arose naturally in the 1D case, and see what happens in the continuum limit.
A. Equal norm condition
One cannot demand rotational invariance of a walk on a discrete lattice, however one can impose a weaker condition, that the walk not have a preferred lattice axis. Thus we require that it be equally likely for the walker to move in any of the eight allowed directions, or, equivalently, that movement along the different axes should not (necessarily) correlated. In that case a move in the positive X direction, for example, does not bias the move in the positive or negative Y or Z directions. To achieve this, we impose a non-correlation condition on the 3D walk, which we call the equal norm condition. Surprisingly, as we will see below, this leads to full rotational and boost invariance of the equations of motion in the continuum limit.
To formulate the equal norm condition, we begin by noting that shifts in the positive or negative direction along an axis are determined by the projectors P − X,Y,Z }, the walk will not be biased in the positive or negative direction. We also don't want the shifts along different axes to be correlated. To avoid this, we require that any eigenstate of P ± i have equal amplitude in the P + j and P − j subspaces, for all i = j = X, Y, Z. This requirement is equivalent to the following condition on the projectors:
where
There is a simple geometric interpretation of this condition. Consider a particular space dimension, say, the x-dimension. There are two projection operators associated with that dimension, corresponding to the forward and backward x-directions, and they project onto orthogonal spaces. If the internal space is four-dimensional, for example, each of those spaces is two-dimensional, so they project onto orthogonal planes within the fourdimensional internal space. Similarly, the pairs associated with the y-and z-dimensions project onto orthogonal planes. However the planes associated with x-dimension projection operators are not orthogonal to the planes associated with y-and z-dimension projectors. The equal norm condition requires that all those non-orthogonal planes be oriented at equal angles to each other.
If we again introduce operators ∆P X,Y,Z = P + X,Y,Z − P − X,Y,Z , we can see that the equal norm condition (24) is equivalent to requiring that those operators, ∆P X,Y,Z , all anticommute with each other. To see that, note first that
and that (∆P j ) 2 = I. We can then expand out the anticommutator
We can now prove that this anticommutator vanishes for i = j:
In the fifth equality we made use of the equal norm condition (24) , and the rest is just canceling terms. It is even easier to see that the converse holds. Suppose that {∆P i , ∆P j } = 0 for all i = j and that (∆P i ) 2 = I for all i = X, Y, Z. Then
This automatically implies
B. Coin flip and the parity operator
We can generalize the argument based on parity symmetry from the one-dimensional to the three-dimensional case. Suppose we define a parity operator P = P † , P 2 = I as before, which acts on the position component of the state as follows:
We now require our three-dimensional quantum walk (23) to be invariant under parity transformations:
which implies that
Once again, we can take the natural choice of Q as the parity operator on the internal space; it then acts as an unbiased coin-flip operator for shifts in all three spatial directions: QP We can easily see that the conditions above require that Q anticommutes with each of the ∆P X,Y,Z operators:
We see that imposing both the coin flip condition and the equal norm condition requires us to have four distinct, mutually anticommuting operators: Q, ∆P X , ∆P Y , and ∆P Z . The minimum dimension which the internal space must have to satisfy this is d = 4. As in one space dimension, if we employ the minimum dimension of the internal space, then, aside from a possible minus sign, the parity operator is the only possible choice for Q.
As we'll see below, in the continuum limit, the coin flip generator Q gives rise to a mass term. In a 1D discretetime quantum walk, the "coin space" and the "coin flip operator" were necesarry in order to get nontrivial dynamics. Without the coin space, the only unitary evolutions possible are steady walking to the right, steady walking to the left, or a completely static walker. With the coin space, but without the coin flip operator, the evolution in 1D is almost as trivial: walkers with coins in the |R state would walk steadily right, while walkers with coins in the |L state would walk steadily left. When we go to 3D, however, we find that the situation is changed.
In 3D, a coin space is still necessary for a nontrivial walk, but the coin flip operator is no longer necessary [26, 36] . In other words, the particle may have zero mass, but must have nonzero spin. To be precise, one can obtain nontrivial dynamics by choosing Q X = Q Y = Q Z = 0, as long as the projectors P + X,Y,Z are noncommuting. In that case, the minimal dimension of the coin space is 2, rather than 4. This corresponds to a particle of mass zero, and, as will be clear below, leads to the Weyl equation in the continuum limit.
C. Momentum representation and continuum limit
Just as in the 1D case (14), we can define momentum states for the 3D walks. If the position states are |x, y, z where x = j∆x, y = k∆x and z = ℓ∆x for some integers j, k, ℓ, then the momentum states are
where −1/2 < k x,y,z ≤ 1/2. These are eigenstates of the shift operators S x,y,z with eigenvalues e 2πikx,y,z ∆x . We can rewrite the time evolution operator in the momentum representation, and we get
If we go to the limit |k x,y,z ∆x| ≪ 1 and θ ≪ 1, we get the limiting equation
Switching back to the position representation, and using the same conventions as in Eq. (8), we get
This is the Dirac equation in three spatial dimensions.
D. Rotational Invariance
That the equal norm condition leads to the Dirac equation in the continuum limit means that the walk in that limit is Lorentz invariant (including parity). But it is enlightening to see how, in particular, that discrete symmetry leads to rotation invariance. In the long-wavelength limit |k x,y,z ∆x| ≪ 1, we can consider general rotations of the coordinate axes. Suppose that we apply a rotation to the momentum vector k:
The limiting equation (34) 
maintain the required properties. Do these new ∆P ′ X,Y,Z operators have the same properties as the original ∆P X,Y,Z operators? They are clearly still Hermitian. Also, if we look at the square, we get:
where we have used the property that the columns of the rotation matrix R must be normalized real vectors. So we retain the property (∆P 
(r xy ∆P X + r yy ∆P Y + r zz ∆P Z )} = 2(r xx r xy + r yx r yy + r zx r zy )I +(r xx r yy + r yx r xy ){∆P X , ∆P Y } +(r xx r zy + r zx r xy ){∆P X , ∆P Z } +(r yx r zy + r zx r yy ){∆P Y , ∆P Z } = (r xx r yy + r yx r xy ){∆P X , ∆P Y } +(r xx r zy + r zx r xy ){∆P X , ∆P Z } +(r yx r zy + r zx r yy ){∆P Y , ∆P Z },
where we have used the property that different columns of the rotation matrix R must be orthogonal. The new operators thus anticommute because the original operators did. A similar equation applies for {∆P
These results imply a beautiful link between the discrete underlying quantum walk and the continuous longwavelength limiting equation. The equal norm condition in the previous subsection, a discrete version of rotational symmetry that was imposed as a noncorrelation requirement on the walk, implies the anticommutation of the three operators ∆P X,Y,Z . The anticommutation relations in turn imply that the equation has full rotational symmetry in the long-wavelength limit. Of course, since the Dirac equation is also invariant under boosts, the limiting equation has full Lorentz symmetry.
Obviously, for finite ∆x, this Lorentz symmetry is only approximate: a strong enough boost would violate the condition that |k x,y,z ∆x| ≪ 1. At sufficiently high energies, it would be possible to see the discrete lattice structure underlying the particle's motion; but at lower energies, this discrete structure is completely masked. It is quite remarkable that by imposing two discrete symmetries on the quantum walk-parity symmetry and the equal-norm condition-we obtain continuous Lorentz symmetry in the long-wavelength limit.
E. The m = 0 limit As mentioned earlier, in three spatial dimensions, a quantum walk of the type we are considering can exhibit nontrivial behavior even without a coin-flip operator. This is because the projectors P ± X,Y,Z can be noncommuting. In a sense, taking a step in the X direction acts as a coin flip before taking a step in the Y direction, and the step in the Y direction acts as a coin flip before taking a step in the Z direction, which acts as a coin flip before the next step in the X direction, and so forth. This is in stark contrast to the one-dimensional walk, where a coin-flip operator is necessary to get nontrivial dynamics. Without it, the particle always moves in the same direction, depending on its initial step.
In taking the long-wavelength limit of the quantum walk in three spatial dimensions, omitting the coin is like taking the limit m → 0. The result is the Weyl equation:
Since the Q operator no longer appears, it is possible to find three Hermitian operators ∆P X,Y,Z that square to the identity and mutually anticommute with an internal space of only two dimensions. For example, one could use the 2 × 2 Pauli matrices.
VI. CORRECTIONS TO THE DIRAC EQUATION AND LORENTZ VIOLATION
In the continuum limit, the discrete quantum walk that we described is equivalent to the Dirac equation. But if spacetime were discrete, the Dirac equation would be only approximately correct, and the degree to which nature deviates from the Dirac theory, and whether those deviations are observable, would be determined by the size of the lattice spacing ∆x. (∆t and θ are then fixed by the speed of light and particle mass according to ∆x/∆t = c and θ = mc∆x/ , respectively.) Experimental tests and astrophysical observations can therefore place upper limits on ∆x.
The most glaring difference between the discrete and continuum theories is that Lorentz invariance is violated in the discrete theory [37, 38] . The possibility that Lorentz invariance violation might play a role in physics was proposed by Dirac himself in the 1950s [39] , and several others in the years that followed (for example, [40] [41] [42] ). In the 1990s, influential papers by Coleman and Glashow raised the subject of systematic tests of Lorentz violation within the context of elementary particle physics [43, 44] . More recently, various theories of quantum gravity have also suggested that Lorentz invariance may not be an exact symmetry [45] [46] [47] [48] . In those theories, the natural scale at which one would expect to observe that violation is at the Planck energy of approximately 10 19 GeV, which would correspond to a lattice spacing of the Planck length, M Pl = 1.616 × 10 −35 m. Some suggest that, at smaller scales, the usual notions of space and distance may not even make sense [49] . The Planck energy is not just far higher than current accelerator energies of approximately 10 3 GeV, but also far higher than the energy of the most energetic observed particles, the Ultra High Energy Cosmic Rays with energies as high as 10 11 GeV ≈ 10 −8 M Pl . However, a large violation of Lorentz invariance at the Planck scale can lead to a small degree of violation at much lower energies, presenting the possibility of detection. For example, Lorentz violation can have consequences for neutrino oscillation experiments, in particular that neutrino oscillation still occurs even if the mass is zero [50] . Lorentz violation can also shift the threshold for elementary particle reactions, or lead to the occurrence of other normally forbidden processes such as photon decay and the vacuum Cherenkov effect. As a result, the past few decades have seen a growing literature describing tests of Lorentz invariance, and placing bounds on a variety of proposed deviations (for recent reviews, see [51, 52] ).
One would expect the nature of proposed Lorentz violations to depend upon the specifics of the Lorentzviolating theory, but one common implication of such theories is an alteration of a particle's dispersion relation, which relates the particle's energy to its momentum and mass [51, 52] . That is also one way in which Lorentz violation would show itself in our quantum random walk model.
Though the Dirac theory and quantum electrodynamics, which is based upon it, are two of the most successful theories in all science, the question of whether the Dirac equation or a discrete model is the correct description of nature can only be determined through experiment. The dispersion relation predicted by the quantum walk theory differs from that of the Dirac theory, in that the square of the energy, which is m 2 c 4 + p 2 c 2 for the Dirac theory, includes additional terms in the discrete theory, of order k∆x and higher, which vanish in the continuum limit. These higher-order terms can be seen as corrections to the continuum limit, which would act as perturbations to the usual Dirac evolution. These terms have a directional dependence that could make them detectable in a suitably-designed (asymmetric) matter interferometer. Based on a simple dimensional analysis of the quantum walk studied in this paper, we expect an energy difference between momentum states in different directions to scale like cp 2 ∆x/ . For thermal neutrons in an interferometer with a length scale of a meter, this could produce a phase shift of order 10 26 ∆x radians (for ∆x in meters), which could put very stringent bounds on the lattice spacing ∆x [53] .
VII. DISCUSSION AND FUTURE WORK
In this paper we have shown that a definition of a quantum walk in 3D as three successive 1D walks with the same internal (coin) space leads to a quantum walk on the body-centered cubic lattice, which in the continuum limit gives a Dirac-like equation, where the coin-flip operator gives rise to a mass term. Imposing discrete symmetry requirements on the quantum walk-in particular, parity symmetry and discrete rotational invariancerequires that the operators in this limiting equation must all mutually anticommute. This, in turn, means that the internal space must be four dimensional, and that the continuum limit is exactly the Dirac equation, with continuous rotational invariance.
This limiting equation is, of course, Lorentz-invariant; but this symmetry only holds exactly a long lengthscales. There would be small corrections to the Dirac equation, which would show up as direction-dependent perturbations (based on the orientation of the underlying cubic lattice). This would produce relative phase shifts for wave packets propagating in different directions, which could in principle be detected in matter interferometers, such as interferometry with thermal neutrons. In a forthcoming paper [53] , we will outline and analyze such an experiment, which could be used either to detect the Lorentz violation, or else to place an upper bound on the granularity of space.
